Abstract. The concurrence between first and the last sites of a fermionic spin chain containing a single boson is rigorously investigated at finite low temperature in the vicinity of a weak homogeneous magnetic field. We consider the boson as a mobile spin-1 particle through the chain and study concurrence without/under decoherence and express some interesting phase flip and bit flip reactions of the pairwise entanglement between first and the last half-spins in the chain. Our investigations show that the concurrence between two considered half-spins has different behavior for various positions of the single boson along the chain. Indeed, we realize that the single boson mobility has an essential role to probe the pairwise entanglement intensity between two spins located at the opposite ends of a fermionic chain. Interestingly, the entanglement remains alive for higher temperatures when the boson is the nearest neighbor of the first fermion. When the boson is at the middle of chain, it is demonstrated that the threshold temperature (at which the concurrence vanishes) versus decoherence rate can be considered as a threshold temperature boundary. These results pave the way to set and interpret the numerical and analytical expressions for utilizing quantum information in realistic scenarios such as quantum state transmission, quantum communication science and quantum information processing, where the both fermion-fermion and fermion-boson correlations should be taken in to account.
Introduction
Up to now, there was a tremendous interest for investigating entanglement of various Heisenberg models [1] [2] [3] [4] [5] [6] [7] .There have been a great number of studies focusing on the applications of entanglement in quantum teleportation, spintronics and quantum information processing [8] [9] [10] [11] . Spin models are known as simple popular quantum systems in solid state physics and quantum comuting which exhibits remarkable entanglement features [12] [13] [14] [15] [16] , specially quantum antiferromagnetic spin chains have been the subject of numerous experimental as well as theoretical studies for a long period of time [17] . A wide variety of the analytical and numerical techniques have been developed in order to study Ising-Heisenberg spin models [1, [18] [19] [20] [21] [22] due to enhance the applications of quantum information theory in solid state physics and condensed matter such as investigating thermal entanglement for the mixed spin chains [17, [23] [24] [25] [26] [27] .
Motivated by the real materials it has already been proposed the class of one-dimensional plaquette chains to investigate the magnetic properties as well as quantum state transferring from theoretical and analytical points a e-mail: arianzad.hamid@mshdiau.ac.ir b e-mail: majidofficial@gmail.com of view [28, 29] . Besides the frustrated spin-S orthogonaldimer chain, Koga et al. investigated in detail the firstorder quantum phase transition of the orthogonal-dimer spin chain [30, 31] . A wide variety of the orthogonal dimer plaquette investigations have been carried out from theoretical and experimental view points. Driven by the comments given in Ref. [32] , we here consider the orthogonal dimer plaquette chain with antiferromagnetic coupling as schematically described in Fig. 1 with an analytical Hamiltonian. On the other hand, the spin-impurity atoms were also widely discussed by some authors, for instance, T. Fukuhara et al. [33] studied the quantum dynamics created by the spin-impurity atom, as it propagates in a onedimensional spin chain. A specific probability distribution of the impurity at different times using single-site-resolved imaging of bosonic atoms have been probed as well. Their experimental results open new prospects to studying mobile impurities in quantum spin systems specially quantum fluids. Accordingly, we consider the dimer plaquette as a single mobile boson in a one-dimensional spin chain which dramatically affects on the thermal entanglement between a pair of fermions.
Heretofore, the dynamic behavior of spin chains under decoherence has been particularly studied [34] [35] [36] classical correlations under decoherence and carried out some interesting outcomes: classical correlation remains constant over time and quantum correlation decays monotonically over time [35] . During last decade, similar tasks has been made to understand defect production due to the dynamics of a spin model through a critical point [2, 37, 38] .
Because quantum communications allows to have unconditionally stable communication, and on the other hand, a quantum processor could dramatically speed up computations, there is a great deal of attentions in techniques to protect quantum information from noise [39] . Hence, in this paper we are going to study and compare the entanglement of three different types of antiferromagnetic fermionic chains with defect caused by a boson under decoherence. In this regard, we consider the entanglement between first and the last half-spins in a finite size fermionic chain consisting of a single mobile boson. Three types of the suggested model with different spin arrangement are determined by changing the position of the single boson along the chain.
The paper is organized as follows. In Sec. 2 we first introduce the three sub-models with analytical Hamiltonians and describe the concurrence as a measure of entanglement by characterizing pairwise reduced density matrix. In Sec. 3 we show the numerical calculations and simulations of the pairwise entanglement under decoherence. Section 4 is devoted to conclusions.
The Model
In the present work, we assume an antiferromagnetic spin-1/2 chain with the total number of sites N = 5 containing a single boson and four fermions with three different types of the spin arrangement, namely, we consider various locations for the boson along the chain and create three dissimilar sub-models. We witness that different positions of the boson along the chain introduce different properties for the entanglement between two fermions located at the opposite ends of the chain. To study the behavior of such systems, their Hamiltonians should be introduced. Firstly, we start our investigations by contemplating the boson at the middle of chain. So, the Hamiltonian can be expressed as
where N is the total number of particles (here N = 5), J 1 denotes exchange interaction between half-spins, J 2 is the exchange interaction between the boson and its nearest fermions. ∆ 1 and ∆ 2 are anisotropy properties between, respectively, fermion-fermion and fermion-boson.
B z is the homogeneous magnetic field applied along the z-axis. Here, σ = {σ x , σ y , σ z } are the Pauli operators and
(2) After driving eigenvalues and eigenvectors of the Hamiltonian (1), in the standard basis, the total density matrix ρ in equilibrium can be given by ρ eq = 1 Z exp(−βH). Regarding this, we can extract reduced density matrix of the half-spins at two opposite ends of the chain as
where Z = T r[exp(−βH)] is thermal partition function of the total system. β = 1/k B T (we set k B = 1) and T is the temperature.
In order to study thermal pairwise entanglement, we use the concurrence which can be defined by
and λ i are square roots of the eigenvalues of the inner product R = ρ.ρ withρ = (σ y ⊗ σ y )ρ † (σ y ⊗ σ y ) (ρ † is the complex conjugate of matrix ρ).
decoherency
Recently, it has been revealed that the concurrence of bipartite subsystem (1/2,1/2) in a tripartite mixed spin chain (1/2,1,1/2) undergoing only the phase flip channel by means of the Kraus operators, is different in behavior [36] . In this work, we investigate the thermal entanglement for two half-spins at two opposite ends of the spin chain including a single boson under decoherence by means of the concurrence. Here, the state of bipartite system introduced by (3) is exactly investigated when it undergoes both phase flip and bit flip.
Phase flip channel.
Kraus operators for the phase flip channel are given by First we turn our attention to investigate the thermal entanglement between two spins located at the ends of the fermionic chain when the single boson is set at the middle of chain ( Fig. 1) with Hamiltonian (1). For the mentioned spin formation, we investigate the concurrence at low temperature and weak magnetic field under decoherence for two half-spins at two ends of the chain and compare it with the case where the phase damping rate is zero (Fig. 2) . By inspecting Fig. 2(a) , one can see that the concurrence gradually decreases upon rising the temperature. As p increases, the maximum amount of concurrence decreases at low temperature. Also, it is obvious that by increasing p until p ≈ 0.3, slope of the curve is reduced and the concurrence vanishing goes further on the temperature axis, this actually means that the entanglement can stay alive for higher temperatures. When p increases more, the slope of the concurrence curve increases and the bipartite entanglement vanishes at lower temperatures. According to our investigations, the concurrence shows different behaviors with respect to the various positions of the boson. Namely, the single boson movement through the chain can alter the thermal entanglement property between two considered half-spins. For instance, suppose that the boson to be the nearest neighbor of first site of the chain (sub-model 2).
The concurrence of this model is presented in Fig. 2(b) , one can see that the maximum value of the concurrence has increased in comparison with Fig. 2(a) for all fixed values of p. On the other hand, the concurrence vanishing occurs at higher or equal temperatures. We call these temperatures at which the concurrence becomes zero as threshold temperatures. The threshold temperature versus p is illustrated in Fig. 3 , revealing that the optimum point for which the entanglement survives the longest is about p = 0.3. We understood that the threshold temperature values experience a special sweep point under the considered circumstances. It also shows that changing the position of boson to left hand side of the chain (sub-model 2) causes the threshold temperature slightly increase (red dashed-dot line). As a matter of fact, the threshold temperature diagram when the boson is situated at the middle of chain (blue-solid line) can be considered as the threshold temperature boundary.
Furthermore, we examine the concurrence for the chain under consideration in which the single boson is the nearest neighbor of the last half-spin (sub-model 3 presented in Fig. 4) . In this case, we realize that there is no quantum entanglement between two fermions located at the opposite ends of the chain under the considered circumstances, namely, the concurrence is zero. Moreover, we witness that the pairwise entanglement remains zero for a such spin configuration under the phase flip. Finally, we conclude that the position of the single boson in the chain plays an important role to describe the pairwise entanglement intensity between the first and the last half-spins.
Bit flip channel
Now, we investigate three different types of the suggested model under bit flip. The Kraus operators for the bit flip channel are cate the concurrence behavior with respect to the various fixed values of p. We see that the thermal pairwise entanglement is very sensitive upon increasing the decoherence rate p. When p increases from zero, the maximum value of the concurrence decreases, until for the range p 0.05 the concurrence disappears at low temperature and weak magnetic field. In Fig. 6 we display the concurrence as a function of temperature for various fixed values of p for the case where the single boson is boosted to the left side of the chain. To more clarity, we investigate the behavior of concurrence versus two intervals of p, i.e., 0 ≤ p < 0.07 and p ≥ 0.07 separately. The maximum amount of concurrence remarkably decreases upon increasing p for the considered interval 0 ≤ p < 0.07 ( Fig. 6 (a) ), further increase of p (Fig.  6 (b) ) leads to sharply increasing the concurrence. Also it is obvious that for p ≥ 0.07, the concurrence continues to exist for higher temperatures. So the entanglement vanishes at higher temperatures. To study this case more accurately, we plot the threshold temperature against decoherence rate p in Fig. 7 . In the interval 0 ≤ p < 0.07 the maximum value of concurrence decreases monotonically until reaches a recursive point (C ≈ 0.01) at which the maximum value starts its increasing with further increase of p. Moreover, in this interval of the decoherence rate, with increase of p the threshold temperature tends to the lower values until reaches a recursive point at T ≈ 0.05. By more increasing the decoherence rate p (p ≥ 0.07), the maximum amount of concurrence shifts toward higher val- ues, on the other hand, the threshold temperature shifts toward higher temperatures as well. There is a steep increase of the temperature at p = 0.07. With further increase of p the threshold temperature begins to decrease again. As a result, the threshold temperature is strongly dependent on the decoherence rate p.
It is worthy to note that the concurrence is zero under both phase flip and bit flip for the case where the boson is localized in the right side of the chain at low temperature and weak magnetic field.
Conclusions
We considered three variants of the antiferromagnetic half-spin chains including a single boson in three different positions (nearest neighbor of the first site, middle of the chain and nearest neighbor of the last site) under decoherence at low temperature and weak magnetic field. We rigorously investigated the thermal entanglement between two fermions at the opposite ends of the chain under the both phase flip and bit flip by means of the concurrence. We realized that the localization of the boson plays an essential role in determining bipartite entanglement intensity in the chain, i.e., by moving the boson along the chain the maximum concurrence remarkably changes. We compared pairwise entanglement of two fermions at the opposite ends of the chain when the single boson is localized at the middle of the chain with the case where the boson is the nearest neighbor of the first fermion and concluded that the maximum value of the concurrence will increase at low temperature. Interestingly in this manner, the entanglement survives for higher temperatures. Furthermore, when the boson is nearest neighbor of the last fermion, the thermal entanglement vanishes under both bit flip and phase flip.
Also, the pairwise thermal entanglement is strongly dependent on the decoherence rate for the various spin arrangements under the phase flip. Indeed, the entanglement death occurs at higher temperatures upon increasing decoherence rate until a threshold point at which the entanglement death turns toward lower temperatures. We investigated the threshold temperature versus decoherence rate and revealed that the threshold temperature increases by increasing the decoherence rate. The maximum amount of the threshold temperature occurs at a specific decoherence rate. With further increasing decoherence rate, the value of the threshold temperature decreases. Here, we proved that the threshold temperature diagram versus the decoherence rate for the case when the boson is localized at the middle of the chain can be considered as the minimum boundary limit of the threshold temperature for all spin configurations of the chain.
Under the bit flip, we concluded that the concurrence decreases upon increasing both temperature and decoherence rate at weak magnetic field. The same as phase flip, the concurrence is dependent on the decohrence rate. We observed a monotonically decreasing behavior of the threshold temperature until a jumping point at which the threshold temperature suddenly increases to its maximum value. After that, the threshold temperature decreases with a gentle slope.
The method introduced in this paper can be straightforwardly generalized to larger quantum spin systems containing different spin arrangements and seeking new interesting outcomes. However, all results should be compatible with the remarks and outcomes expressed in this paper.
